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Abstr act. The purpose of this paper is to present a generalization of Forelli's 
theorem. In particular, we prove an all dimensional version of the two-dimensional 
theorem of Chirka Q] of 2005. 



1. Introduction 

Classical Forelli's theorem ([2]; see also [S], [5]) states 

Theorem 1.1 (Forelli). Let f : B™ — > C be a function. If it satisfies the following 
two conditions: 

(i) /eC°°(0), 

and 

(ii) for every unit vector v = (vi, . . . , v n ) G C, f(Cvi, • ■ • > C v n) is holomorphic 
in the single complex variable C with |C| < 1 ; 

then f is holomorphic. 

The definition of the notation / S C°°(0) in the statement is as follows: for any 
positive integer fc, there exists a polynomial pk such that f(z) — Pk{z) = o{\z\ k ). 

After a long period of almost no results, the following two generalizations have 
been presented: 

Theorem 1.2 (Chirka jT]). Let {S T } be a foliation of a domain n in a punctured 
ball B\0 in C 2 by holomorphic curves that are closed and smooth in M, pass through 
the origin, and are pairwise transversal at 0. Let f be a function at B such that 
f G C°°(0) and all restrictions f\s T are holomorphic. Then f is holomorphic in Q 
and, if = B \ 0, then f is holomorphic in B. 

Theorem 1.3 (Kim-Poletsky-Schmalz [4]). Ifn>l is an integer, and if f : B™ — >■ 

C is a function with f G C°°(0), which is annihilated by 



n d 



where a\, . . . , a n are real numbers, then f is holomorphic on B". 

In both versions holomorphicity along straight lines through has been replaced 
by holomorphicity along some more general family of complex curves: in case of 
Theorem 11.21 thev are assumed to intersect transversely. On the other hand, in the 
case of Theorem 11.31 the family of complex curves is generated by a holomorphic 
vector field and its integral curves. Thus, the two theorems complement each 
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other in a sense; the general foliation considered by Chirka may not in general be 
generated by a contracting holomorphic vector field, whereas the leaves of foliation 
considered by Kim-Poletsky-Schmalz do not have to intersect mutually transversely 
at the origin (even after the re-parametrization of the leaves so that they intersect 
at the origin). 

The purpose of this paper is to present Theorem 2.1, an all-dimensional version 
of Thcorem ll.2l This in particular answers the question posed by Chirka in [I], p. 
219. 



2. A GENERALIZATION OF FORELLl'S THEOREM IN C" 

First we define the concept of the local C k singular foliation by holomorphic 
curves. Let A C C the unit disc and S 2 ™ -1 the unit sphere in C" defined by the 
equation \z\\ 2 + ■ ■ ■ + \z n \ 2 = 1. 

Definition 2.1. Let i be a positive integer. For a point p £ C™, a local C e singular 
foliation at p by holomorphic discs is a C map h: A x g 2 ™ -1 — >■ C n satisfying the 
following properties: 

(1) For each v € S 2n ^ 1 : the correspondence h(-, v): z £ A — >• h(z, v) £ C™ is a 
holomorphic embedding. 

(2) h(0, v)=p for every v £ S 2 ^ 1 . 

(3) The image h(A x S 271 ^ 1 ) contains an open neighborhood of p in C n . 

(4) For each v £ S 2n ^ 1 , there exists r v > such that -r— = r v v. 

dz (o,v) 

(5) h(z, e i0 v) = h(e i0 z, v) for any 6 £ K and z £ A. 
Throughout this paper, we shall consider the case I = 1 only. 

We shall consider, from here on, only the case when p is the origin. This singular 
foliation provides a parametrization of an open neighborhood of the origin in C n 
by A x CP™ -1 . One can always choose coordinates around the origin in C™ such 
that any given direction v° £ S" 2 ™ -1 becomes [1 : • ■ ■ : 0] £ CP™ -1 and hence 
a neighborhood of v° in CP™ -1 can be identified as a neighborhood of in C n_1 

—jr, . . . , -7t ). Then h(z, v°) can be understood 
v" Vi ) 

in this coordinate system as h(z,0), and in a neighborhood of the corresponding 
holomorphic curve, we may assume without loss of generality that it has the equa- 
tion h(z, 0) = (z, 0). Then for z and A, with both \z\ and ||A|| sufficiently small, the 
curve z — > h(z, A) is represented by the expression 

z = z 

wi = fei(2,Ai,...,A„_i) 

Wn-l = fcn-l(2>Ai,...,A„_i). 
We use the short-hand notation w = k(z, A). Then k satisfies 

(i) k(z, A) is C 1 in z, A and holomorphic in z. 

(ii) fc(0, A) = for any A 
dk(z X) 

(hi) ^ — = A and hence k(z, A) = zX + o(\z\). 

oz z=0 



A GENERALIZATION OF FORELLI'S THEOREM 



3 



Notice that we are using the standard complex coordinate system (z,wi,..., w n -i) 
for C n here. 

Theorem 2.2. If h is a local singular foliation of a domain in C™ and f : O — > C 

is a function satisfying: 

(A) f eC 0o (Q)r\C 1 (Q); and 

(B) for every leafh(-,X) the composition /o/i(-,A) is a holomorphic function, 

then f is a holomorphic function on the intersection of f2 and some neighborhood 
of the origin. 

Notice that the statement of this theorem in the case of n = 2 is weaker than 
what was presented in pQ. On the other hand, our proof here is not only valid for 
all dimensions, but also, even in dimension 2, somewhat more straightforward. 

Proof. Let us use the notation df /dw := (df /dwi, . . . , df /dw n -i). Of course the 
goal here is to establish that df /dw = at w = 0. 

Let F(z,Ai,...,A„_i) = f(h(z, Ai, . . . , X„-i))_ = f(z,k(z,X)). First we prove 
that dF/dXj, dF/dXj and dk m /dXj and dk m /dXj at A = are also holomorphic 
in z. In fact, let G : A x U — > C be a C 1 function that is holomorphic with respect 
to z € A, like F, k. Then 

G(z, A) dz A d<f) = 

for any function in (j>(z) € C^°(A). By differentiating with respect to the parameter 
Xj or Xj we get 



A d<j> = 0, 



/ -^-G(z, A) dz A d(j) = 0, / -^L-G(z,X)dz 
J A "Xj J A dXj 

which shows that j^- and Jy- are holomorphic in z. 

Since F is holomorphic in z for every A and since F is (^-smooth, dF/dX and 
dF/dX at A = are also holomorphic in z. By the chain rule, 

9A 



A=0 



_ A df_ 

dw 



w=0 



OF 
9A 



= D 



A=0 



a/ 

dw 



dw 

A ^- 

dw 



w=0 



where denotes the column of partial derivatives (J^j-, • ■ • , d ® F - ) etc. and A = 
(A mj ) and B = (B m j) are the matrices whose entries are defined by the partial 



derivatives as follows: A m j = 



From fc m (z, A) 
(2.1) A„ 



dk m I 
d\j I A=0 



and B m j = 



zX r , 



■ o(|^| 2 ) we get 



dkn 
dXi 



5 mj z + o(\z\), B r , 



dk m I 

dk™ 



dXi 



o(\z\). 



Hence the matrix A := ^A = id + o(l) is invertible in some neighbourhood of 0. 
Denote (A)^ 1 = C. Then the entries of C are holomorphic functions. Let 

dF 



H(z) 



dF 

BC lTx 



A=0 



d~X 



(BCB 



A=0 



zA) d -l 
dw 



Ml=0 



Then H(z) is holomorphic on A. 
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Now wc shall prove: H(z) = 0, Vz £ A. In order to show this, we need the 
following lemma. Below, the notation C[[zi, . . . , z n , z\, . . . , Zk\] represents the local 
ring of formal power series in the variables z\, . . . , z n , z\, . . . , z/- at the origin. Of 
course, the unique maximal ideal is the set of all formal power series without the 
constant term. 

Lemma 2.3. Let cti, . . . , a m £ C[[zi, . . . , z n , Z\, . . . , Zk]], "0 € C[[zi, . . . , z n ]] and 
tpi, . . . ,(p m £ 9H, where DJl is the maximal ideal of the local ring C[[zi, . . . , z~k]]- 
Then 

ip = ctiipi + . . . + a m tp m 

implies -0 = 0. 

Proof. Assume "0^0 and let ip be the lowest degree non-vanishing polynomial 
in ip. Then 

ip = + . . . + a m {p m , 
where ai, . . . , a m are certain polynomials in zx, . . . , z n , Zi, . . . , z~k and fii, ■ ■ ■ > fim 
are polynomials in Z\, . . . ,Zk of positive degree. Now, %j) does not contain variables 
Z\, . . . , Zk, whereas each monomial in aiipi + . . .+a m ip m does contain such variables. 
This contradiction shows that tp = 0. □ 

The following statement is then immediate: 

Corollary 2.4. Assume that ipi, . . . , ip m and a\, . . . , a m are complex-valued func- 
tions defined on a domain ft in the complex plane C, which enjoy the properties: 

(a) ipk has a formal Taylor expansion at p, and 

(b) Qffe is conjugate-holomorphic in an open neighborhood of p with at {p) = 
for k = 1, . . . , m. If tp := ct\Lp\ + . . . + a m (p m is holomorphic in Q, then ip is 
identically zero. 

Now we return to H(z). From (|2.ip it follows that the anti- holomorphic terms 

^ m and — -" vanish at ( = 0. Therefore, the components of H(z) have the form 
o\j oXj 

df 

of a function -0 from the Corollary |2.4l with the w's being products of and some 

holomorphic factors from the matrices A, B, C and the a's being products of some 
antiholomorphic factors from the matrices A, B. It follows H (z) = and hence 



(BCB - zA) |^ 
ow 



= 0. 

w=0 



Finally, even though BCB — zA vanishes at the origin, its determinant equals 

det(BCB - zA) = (-l)"- 1 ^! 2 ™" 2 + o(|z| 2n - 2 ) 
and therefore has no zeroes in some punctured neighborhood of 0. It follows that 

df 



dw 



= 0. 

w=0 

Since {w = 0} was an arbitrary line leaf the Cauchy-Riemann equations are satisfied 
transversally to each leaf. This completes the proof. □ 

Finally, for the global version of generalized Forelli's theorem, we recall that the 
following definition of global singular foliation. 
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Definition 2.5. Let £7 be a domain in C™ containing the origin. By a C 1 singular 
foliation at by holomorphic discs we mean a C 1 map h: Ax S 2 "^ 1 — > satisfying 
the following properties: 

(1) For each v G S* 2 ™ -1 , the correspondence h(-, v): z G A — 5- h(z, v) G C™ is a 
holomorphic embedding. 

(2) h(Q, v)=0 for every v G S 2 ™- 1 . 

(3) h(A x S 12 "- 1 ) = a 

dh 

(4) For each v G S 2 ™ -1 , there exists r v > such that — = r v v. 

OZ (0,v) 

(5) e i8 v) = h(e ie z, v) for any 9 G K and z G A. 
Then we present 

Corollary 2.6. Le< S 1 ^ be the typical leaf (i.e., a holomorphic disc) of the singular 
foliation as above of a domain fl C C™ and f a function that is C°°(0) and C 1 (fi) 
such that the restrictions f\S\ are holomorphic. Then f is holomorphic on Q 

This follows from Theorem 1 2 . 2 1 and Chirka's curvilinear Hartogs' lemma from [T] 
(cf. 0). 
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